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Abstra ct
W es h o w, i n the Cho quet e x p ected util ity m o del, that preferenc e f or div er si ￿c a -
tion, that is, con vex p references, is e qui v al en t to a conc a ve uti lit y i nde x and a con vex
capacit y .W e the n i n tr o duce a w eak er no ti on of div ersi ￿c a ti on, nam ely \ su r e div ersi -
￿catio n. "W e sho w that this implies t ha t the c ore of the capacit yi s non-em pt y . The
converse holds unde r conc a vit y of the u ti lity index. Thi s prop er t yi s s h o wn t o b e e-
qui v al en t to the notio n o fc o m onotone di ver si ￿ cati on ; noti on that w ei n tro duc e i n the
pap er . Fina lly , in the e xp ected u ti lity m o del, al l these notio ns o f div er si ￿c a tion a re
equivalen t and a r e re presen te d b y th e conc a vit y of the util ityi nde x.
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11 Intro ducti on
Dek el [1989] made the p oi n t that ha ving a p r e ference for p o rtfoli o d iv ersi￿cat io n i s a n
i mp ort an t feat ur e when mo de ll in g m a rk ets o f ri sky as se t s. He al so obse r ved t ha t the rel a-
tionsh ip b e t ween risk a version and p reference for div er si ￿cation i s tr iv ia l i n the e xp ec t ed -
uti li t y mo del, a nd m uc h more c o mpl i cat ed i n al t ernativ e mo dels. M ore prec i sel y , the equi-
v al enc e b et w ee n the s et w o pro p erties esta bl i shed i n t h e EU fra me work do e s n ot h o ld in
more gen era l mo dels. There, d iv ersi ￿cat i on impl ie s r i sk-a v ersi on b ut the con verse is fa l se.
This note tak e s up the st ud y o fd i v er si ￿cation to the ca se of u ncerta in t y ,t ha t is, n o n-
probabi li zed ri sk, fo cussing on the C h o quet-exp ected-ut ili t y mo del. Ev e n though t he r ei s
still no c o mmonl y accep t e d notion and me a sure of unc ert ai n t ya version in this set-up,
i t is wi dely a greed t ha tt wo prop ertie s a re of sp e cial in terest, nam e ly the n o n -emptiness
of t h e core and the c o n vexit y of the capaci t y (see Ghi ra rdato a nd M ari nacci [ 1997], Ep -
stei n [1 997]).
In this pap e r w e seek to pro vi de c hara ct er i zations in terms of div ersi￿ca ti o n of these t w o
prop e r ti es, t h us p r ovi ding a further un derst and ing of what e xa ct l y they mean. As could
b e exp ected, it i s d i￿cult to d isen tangle p r op ert ie s o f t h e utili t y i ndex fr om pro p ert ie s o f
the capacit y .W e esta bl i sh that prefe r e nce fo r p ort fol io d iv ersi ￿cat io n ( i.e. convexit yo ft he
DM p r e ferences) i s e quiv alent to the agen th a vi ng a c o n vex capaci t y and a conca ve utilit y
i ndex. W e then in tro duc e a w eak er notion o f preference for div ersi￿ca ti o n, i.e . preference
for sure div ers i￿ ca ti o n . This prop ert ys i m p l ys a ys that when i ndi￿ erentb e t w e en sev er al
assets, an ag en t shoul d prefer a com bi n a ti o n of these assets that yiel ds a consta n t act to
any of the ones used i n t he com bi n a ti o n. W e sho w that preferen ce for sure div e rsi￿ cat io n
i mpl ies t ha t the cor eo f t h e capaci t yi s n o n -empt y . The con verse h o l ds true u nde r t he
assumption t hat the u t ili t y index i s conca v e.
This l eads u s to ￿n d condit i ons under whi c h the u t il i t y i ndex i s conc a ve. As i t turns
out, t h e conca vit y of the uti li t y index i s equiv al en tt oap r op ert yw e name c o monoton e
div ersi￿cat i on. Thi s sta tes that i f t wo assets a re i ndi￿eren t and com onoto ne, t he n an
agen tp r ef er s a com bination of t h ese a ssets to an yo f them. Comonotone div ersi￿cat io n
i s therefore o fa v ery d i￿eren t nature t han sure div er si ￿cation since no he d gin g at a ll is
in volv ed, the t w o assets b eing com onotone. Actual ly , these t wo not i ons of d iv ersi￿cat i on are
al m ost at eac h end of the s p ectrum, as one deals wi t h p ortfol i o p erfec t ly h e d ged whil et he
other o n e abst racts fr om an y h edging argumen t. A CEU ag en tm i g h t exhibit p reference for
sure div ersi￿cat i on but not comonotone d iv ersi ￿cat i on, as w em ak e clear wi t ha n e x ampl e.
Con v er se ly , i t is clear tha t an agen t exhibit i ng preferen ce for como notone div ersi￿cat io n
do e s not n ecessaril y exh ibi t a preference for s ur e d i v er si ￿cati o n.
A coro lla ry to the previous result is t hat comonotone div ersi ￿cation and sure div er-
2si ￿cation i s e quiv alent to the capaci t yh a ving a non-empt y cor e and t he u t ili t y i nd ex
be i n g c o nc a ve. F i nal ly ,w e sho w that t he se di￿ erent notions of div er si ￿cation c a nn o tb e
distin g u ished i n the EU mo del, a nd are all equ iv ale n tt o t h e conc a vi t y of the u t ili t y index.
Our co n tri bution has some l inks with t h e rece n t debate around t h e d e￿ni tion a nd
measuremen to fa m bigui t ya v er si on. Sc hmeidler [1989] p r ovi ded an axiomat i c de￿ nit io n
of a mbiguit ya versi o n for his mo de l, sho wi ng t ha ti t i s c har acteri zed b y the con vexit y
of the capaci t y . Assuming the li nearit yo f t he uti li t y i ndex, Wakk er [1990] and Chat ea u-
ne uf [ 1991] de r iv ed con vexit yo f t h e capaci t y from a xi oms r es p ecti v e ly l ab ell ed p essimism-
i ndep end ence and st rong un certa in t ya versi o n, t hat are strengtheni ngs of c o monoton e
i ndep end ence used in the d eriv ati o n of CEU. G h irardat o and M ari nacci [1 997] d e￿ned am-
bigui t ya version a ssi milat in g a prior i un cert ai n t y neutralit yw i th e xp ec t ed uti li t y .T he y
then sh o wt ha t thi s n o ti o no f a m b igui t ya v ersi on is equ iv ale n tt o non-e mpt y core. Ep -
stei n [ 1997] b a se d h is de￿ nit io n o fa m bigui t ya versi o n on the a p riori identi ￿cati o no f
un certa in t y n eutr al it y with probabi l istic s oph isticat i on. H is notion of unc ert ai n t ya v ersi on
how ev er ca n not b e directl y li nked to con vexit yo f t h e capaci t y or non-emptiness of i t s core.
O ur analysis, b y pro vi ding some axi om s giving ri se t ot he se v ar i ous assumpt i o n s on t he
capaci t ym i g h t help clar i fyin g so me of these issues.
W e ￿rst i n tro du ce t h e not ation and recall so me d e￿ni tions, b efore stati ng o ur mai n
results. Pro ofs ar eg athered in a n app e ndix.
2 Notati on a nd d e ￿nition s
There a re k p ossible state s o f the w orld, i nde xed b y sup erscript j .L e t S b e the set of
sta tes of the w orld a nd A the set o f su bsets of S .
Let ￿ b e the preference r e lation of a deci sion mak er , de￿ned o n the set D of n o n-
0
ne g ativ e random v ari a b les on S .S a y that t w o random v ariabl es C and C are i ndi￿ er en t,
0 0 0 j
that is C ￿ C ,i f C ￿ C and C ￿ C . C 2 I R is w ealth in st ate j .
+
As usual , sa y that an a gent’s preferences a re
0 0 0 0
￿ c on vex if 8C; C 2 D; 8￿ 2 [0 ; 1] ; C ￿ C ) ￿C +( 1 ￿ ￿) C ￿ C
k k k
￿ c on tinuou s if for a ll x 2 I R, f C 2 I R j C ￿ x g and f C 2 I R j x ￿ C g ar e closed.
+ + +
0 0 0
￿ monotone if 8C; C 2 D; C ￿ C ) C ￿ C .
W e fo c us on Cho quet-Exp ected-Utili t y (Sc hmeidler [1989]). Preferen ces a re t he n re-
prese n ted b yt h e Cho quet i n teg ral of a utili t y i ndex U wi t h resp ec t to a c a pa ci t y ￿ .T he
fun ct io n U i s cardi nal i.e. d e￿ned up t o a p osi t iv e a￿ne transformati on.
3A capaci t y is a set func t io n ￿ : A! [0 ; 1] suc ht hat ￿ ( ; )= 0 , ￿ (S ) = 1, and, for all
A; B 2A ;A ￿ B ) ￿ ( A) ￿ ￿ ( B ). W ea ssume t hr o ughout that there exists A 2A su ch
that 1 >￿ ( A) > 0.
A capaci t y ￿ is c o n vex i f for a ll A; B 2A , ￿ ( A [ B )+ ￿ (A \ B ) ￿ ￿ ( A)+ ￿ (B ).











where ￿ (A)= ￿ . core( ￿ )i s ac o mpact, con v e x set whic hm a y b e empt y .
j 2A
S
W en o w de￿ne the Cho qu et in tegral of f 2 I R:
Z Z Z
0 1
fd ￿ ￿ E ( f )= (￿ ( f ￿ t) ￿ 1) dt + ￿ ( f ￿ t) dt
￿
￿1 0
j 1 2 k





fd ￿ = [￿ ( f j; ... ;k g) ￿ ￿ ( f j +1 ; ... ;k g)] f + ￿ ( fk g) f
j =1
j 1 k
and, i f w ea ssu m et ha t an agen t has w ea lt h C i n sta te j ,a n d that C ￿ ... ￿ C , the n
his preferen ces are represen ted by:
￿ ￿ ￿ ￿ ￿ ￿
1 j k
V (C )= [ 1 ￿ ￿ (f 2 ;: : ; k g)] UC + ::: [ ￿ (f j; ::; k g ) ￿ ￿ (fj +1 ;: :; k g )] UC + :::￿ (f k g ) UC
It i s w el l -kno wn that w he n ￿ i s con v e x, i ts core i s non-emp t y and t h e Cho que t i n tegr al
R
of an yr a n dom variabl e f is gi v en b y fd ￿ = min Ef(see Shapley [1967] a nd
￿
￿ 2 cor e (￿ )
[1971], R o sen m u ell er [1972], Sc hm e idl er [1986]) .
3 Co n v exit y and t h e core
W en o w study the i mpl ica ti o ns o f di￿eren tf orms of div ersi ￿cation. W e ￿rst d e￿n e a nat ur al
notion o fd i v ersi ￿cat i on (see al so Dek el [1 989]).




[ C ￿ C ￿ ... ￿ C ] ) ￿C ￿ C




wh er e ￿ ￿ 0 for al l i and ￿ =1 .
i i
i=1
4F or sak e of complet e ness w e recal l that thi s not io n o fd i v ersi￿ca ti o n i s equ iv al en tt o
convexit y of preferen ces, t ha t i s, i n o ur se t -u p, equiv al en tt o the qu a si -c onca vi t yo f V .
Pr o p osit ion 3. 1 L et ￿ b ec onti n uo us and mo n ot on e. Then, the fol lowing two ass ert i on s
ar ee quivalen t:
(i ) ￿ exhibits pr efe r ence fo r diversi￿ c ation
(ii ) ￿ is c onvex
The fo llowin g result p r ovides a c hara ct eri zation of CEU a gents t ha ta re div ersi￿er s. W e
establ ish t hat con vexit y of preferences i s equiv al en tt o the c a pa ci t yb e i n g con vex and t he
uti li t y index b eing conca ve. This g e nerali zes r es u lts i n S c hmeidler [ 1989], W akk er [ 1990]
and C ha teaune uf [1 991], where U i s assumed li near.
T heor em 3.1 Assume U :I R ! I R to b ec ontin u ous, d i￿e r entiable on I R and strictly
+ ++
incre asin g. Then, the fo l low i ng statements ar ee qu ivale nt
(i ) ￿ exhibits pr efe r ence fo r diversi￿ c ation
(ii ) V isc onc av e
(iii ) V is qua s i-conc av e
(iv ) U is c on c ave and ￿ is c onvex.
This not io n o f d i v ersi￿ca ti o n migh t seem fa i rly s trong and w en o wi n tr o d uce a w eak er
notion.










C ￿ C ￿ .. . ￿ C; and ￿C = b 1 ) b 1 ￿ C 8 ‘
1 2 r S S
‘ ‘ ‘
‘=1
Thus, s ur e d i v ers i￿ ca ti o n means that i f the d ecision mak er can attai n ce r ta in tyb ya
convex co mbination o f equal ly desira bl e r a n dom v ari a bl e s ,t he n he pr e fers certain tyt o a n y
of these random v ari a bl e s .
T heor em 3.2 L et a de cis io n ma k er b e a CEU m aximizer with c ap acity ￿ andc ontin ous
u til ity in dex U , di￿er entiable on I R an ds tr i ct l y incr e as ing. T hen,
++
(i ) ￿ exhibits pr efe r ence fo r sur e diversi￿ c ation ) c or e (￿ ) 6= ; .
(ii ) If U is c onc av e ,c or e ( ￿ ) 6= ;) ￿ exhibits pr eferenc e for sur ed i versi￿c a tio n .
This theorem falls short of a com pl e t ec ha racteriz a ti o no f sure d iv ersi ￿cat i on. Indeed,
i f the D Mh a s a con v ex utili t y i nd ex, he m ig h t or migh t not b e a sure div ersi ￿er e v en
5though core (￿ ) 6= ; . The f ol lo win g t w o exampl es il l ustr ate this p oin t. I n exampl e 3. 1, t he
DM has a capaci t y wi th a non-empt y core and a con v e x utili t y i ndex and is not a sure
div ersi￿er. In exa mp le 3.2, t he D M also has a capaci t y with a non-empt y cor e a nd a con vex
uti li t y index, but thi s t i me he is a su r ed i v ersi ￿er.
1
1 2 2
Ex ampl e 3.1 Ass um e t h ere ar et wo state s .L e t ￿ = ￿ = and U ( C )= C . core( ￿ )
3
1 1
is o b viously n o n -empt y .H o wever, ( 1 ; 11) ￿ (1 1 ; 1) and (1 ; 11) + (1 1 ; 1) = (6 ; 6) but
2 2
v (6 ; 6) = 36 <v (1 ; 11 )= 4 1 . 3
The fol lo wing exam p le sho ws that a DM migh t b e a su r ed i v ersi￿er ev en t ho ug hh is
uti li t y index i s con v ex .
1
1 2
Ex ampl e 3.2 Ass u me there a re twos t ates, 1 and 2. L et U ( x )= 3 x + and ￿ = ￿ =
1+ x
1











1 2 1 2
ne H = C = C; C 2 I R j C + C = a .W et he n conc lude that a n ys u re con vex
+
2 2
com binat i on of elemen ts o f C i s preferred to a1 .
S
In order to s ho wt ha tt h e se t C i s ab o vet he h yp erpla ne H, it is enough to note that
2 1 1
the i ndi￿erence curv e C co n sists of t w o conc a vec u r ves, C : C = g ( C ) ; 0 ￿ C ￿ a
1 1
2 1 1 1
and C : C = g ( C ) ;a ￿ C ￿ b ,s uc h that t h e sl o pe o f the ta ngentt o C for C =0 i s
2 2 1
1
small er t ha n ￿ 1, and, symmetric a lly , the sl o p e of the tangen tt o C fo r C = b is g reater
2
than ￿ 1.
Not i ce that the e xistence o f b and c su cht ha t( 0 ;c ) and ( b; 0) b elong t o C fol lo ws f rom
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he nce g (0) ￿￿ 1a nd g (0) ￿￿ 1. Figure 1 i l lus trate s t h is exampl e. 3
1 2
No w, t h e conca vit yo f the uti li t yi n d e xc a n b e sho wn to b e equiv al en tt o a di￿e rent
form o fd i v ersi ￿cat i on, fr om whi c ha n y he dging i s eliminated.
T o de￿ ne t h is not io n o f d i v ersi ￿cation, w e ￿rs t need to recal l t h e d e￿ni tion o f como no to-
0
n yo f r and o mv ari a bl e s .S a yt ha tt wo rand o mv ari a b les x and x ar ec o monoton e i f there i s
0 0 0 0 0
no s and s such that x ( s) >x ( s ) and x (s ) >x (s ). O bserv e that t wor and o mv ar i abl es
that a re co monoton ic cannot b e used to hed g ea gain st e a c ho the r .
De￿ni tion 3 Ad e cision maker exhibits pr efer en c ef o r c omonoto n e divers i￿ca tion if fo r
0 0 0
al l c omo n o ton ic C and C suc ht h a t C ￿ C one has ￿C +( 1 ￿ ￿) C ￿ C for a l l ￿ 2 (0 ; 1) .





































Hence, como no tone div ersi ￿cation is nothin g but con v exit y of preferen ces r es tri ct ed t o
comonotone r and o mv ar i abl es. N o te that a n y h edging ( i n the s e nse of W akk er [ 19 90]) i s
prohi bit e d i n thi s div ersi ￿cation op era ti o n.
This t yp e of div ersi￿ca ti o nt ur ns o u t to b e e quiv ale n t,i n t h e CEU mo del, to t he
conc a vi t yo f U .
T heor em 3.3 L et a de cis ion maker b ea C E U ma ximiz er w ith c ap acity ￿ and contin u ous
u til ity in dex U , di￿er en t iabl eo n I R an ds tr ic tl yi n cr e as ing. Then , the fol lowing tw o
++
asse r tion sa r ee quiva l ent:
(i ) ￿ exhibits pr efe r encef o r c omonotone diversi￿ c ation.
(ii ) U is c on c ave.
Coroll ary 3. 1 L et a de cis ion maker b e a CEU maximizer with c ap ac ity ￿ and contin u ous
u til ity in dex U , di￿er en t iabl eo n I R an ds tr ic tl yi n cr e as ing. Then , the fol lowing tw o
++
asse r tion sa r ee quiva l ent:
(i ) ￿ exhibits pr efe r encef o r c omonotone and sur e d ive rs i￿cat ion .
(ii ) U is c on c ave and c or e ( ￿ ) is n on-empt y.
W e en d thi s not eb y discussing the impl i cat i ons of the d i￿eren tf o rms of div e rsi￿ cat io n
in t he ( su b jec t iv e) exp ected u t il i t ym o d e l . I t i sw ell -kno wn (although ma y b e not i n t he
￿n ite cas e, f o rw hi c h the p ro o fi s m ore in tricate, see Debreu and K o opma ns [ 1 982] a nd
W akk er [ 1989]) that div ersi ￿cation ( i.e. preference con v exit y) i s equiv ale nt to the conca vit y
7of the utilit y i nde x. One can al so deduce from theorem 3.3 t ha tc o monoton e div ersi￿cat io n
i s equiv al en tt o t h e conca vit y of the u t il i ty index i n the EU mo del as w ell. Fi na lly , sure
div ersi￿cat io n is a l so equiv al en t, i n the EU mo del, t o conc a vi t y of the uti l it y index.
2
Pr o p osit ion 3. 2 L et a d e cision maker b e an EU ma ximiz er with utility index U , C
on I R , strictl y inc r e asin ga n dc ontin u ous o n I R .T he n, the fol lowing a s sert ions ar e
++ +
e quivalen t:
(i ) ￿ exhibits pr efe r ence fo r diversi￿ c ation
(ii ) ￿ exh i bits pr efer en c e for s ur e divers i￿c ation
(iii ) ￿ exhibits pr efer ence for c omo n ot on e d ive rs i￿ca tion
(iv ) U is c on c ave
In the EU m o d el, t he t wo for ms of div ersi￿ca ti o nw ei n tro duc ed, n a mel y sure a nd
comonotone d iv ersi ￿cat i on, a re b ot h rep r e sen ted b y conca vit yo f the uti li t yi n d e xa nd
consequ en tly c a n not b e d istinguished. F urthermo re, they cannot b e dis ti n gui shed f rom
the u sual n o ti o n of div ersi ￿cation ( i.e. convexit yo f t h e preferen ces).
8App endi x : Pr o ofs
Pr o of of prop osi tion 3.1 :
(ii ) ) (i ) Let C 2 D , i =1 ; ... ;n b e su c ht ha t C ￿ .. . ￿ C , and l et u s pro veb y
i 1 n
P
i ndu ct io n o n n that ￿C ￿ C . The resu lt i s strai gh tforw ardl y tr u e for n = 2. Ass um e
i i 1
i
i t holds t ru e for n ￿ 2, and let u s sho wi t i st r u e for n +1 . L e t C ￿ .. . ￿ C ￿ C











the i ndu ction h yp o thesi s, ￿C ￿ C and h ence ￿C ￿ C .N o w, ￿ convex




i mpl ies (1 ￿ ￿ )( ￿C )+ ￿ C ￿ C tha ti s ￿C ￿ C .
n +1 i i n +1 n +1 n+1 i i 1
i=1
i=1
(i ) ) ( ii ) What rema i ns to b e pro ved is that
0 0 0
C ￿ C ) ￿C +( 1 ￿ ￿) C ￿ C where ￿ 2 [0 ; 1]
0 0 0
f ￿ j 0 ￿ ￿ ￿ 1 ;C ￿ (1 ￿ ￿) C g6 = ; si nce C ￿ 0 i mpl i es C ￿ 0b y monot oni cit y . Let
0 0
" 2 I R b e d e￿ned b y " =i n f f ￿; 0 ￿ ￿ ￿ 1;C ￿ (1 ￿ ￿) C g . "> 0 si nce C ￿ C . L et us
+
0
sho wn o w that (1 ￿ ") C ￿ C . L et ( " ) b e a stric ly i ncreasi ng se quence co n vergi ng to w ards
n
0 0
".F rom t h e d e￿ni tion of ",( 1 ￿ " )C ￿ C , and from con tinui t y( 1 ￿ " )C ￿ C . The r ef o re,
n
0 0 0
(1 ￿ " )C ￿ C . Ap plyi ng ( i ) giv es ￿(1 ￿ ") C +( 1 ￿ ￿) C ￿ C and hence b ym o no toni cit y
0 0
￿C +( 1 ￿ ￿) C ￿ C . 2
Pr o of of theo r em 3.1 :
(i ) , ( ii i ) follo ws from pro p ositi o n3 .1.
(ii ) ) ( iii )i s w ell-kno wn.
W en o w esta bl i sh t ha t( iii ) ) (iv ).W e ￿rst sho w V qu a si -conca ve impl ie s ￿ co n vex.
Con v e xit yo f ￿ i s equiv al en t( see Shapley [1971]) to:
8 A; B ; E 2A s.t h. B ￿ A and E \ A = ;; ￿ (A [ E ) ￿ ￿ ( A) ￿ ￿ ( B [ E ) ￿ ￿ (B ) (1)
Assume ( 1) is f al se, a nd l e t A; B ; E 2A b e suc ht hat:
B ￿ A, E \ A = ; , and ( ￿ ( A [ E ) ￿ ￿ (A)) ￿ ( ￿ ( B [ E ) ￿ ￿ ( B ))+ ￿< 0f o r some
￿>0.
0
Let c 2 I R b e suc ht ha t U (c ) > 0a nd l e t a; b 2 I R satisfy a< c < b .F i nal ly ,l e t
++ +
F; E ; A n B; B b e a part i tion of S and consi der the fo ll o win g r and o mv ar i abl es:
F E A n B B
C a c ￿ "￿ c + "￿ b
1 2
0
C a c + "￿ c ￿ "￿ b
1 2
where "> 0 is su￿cien tly sma l l so t ha t a and b are resp ectiv ely t h e smal lest a nd t he
0
la r gest v al ue of C and C ,a n d where
￿ = ￿ (A ) ￿ ￿ (B ) ￿ = ￿ ( A [ E ) ￿ ￿ (A)+ ￿
1 2
￿ = ￿ ( A [ E ) ￿ ￿ (B [ E )+ ￿ ￿ = ￿ ( B [ E ) ￿ ￿ ( B )
1 2
9L et us assume, w.l.o.g., that U (a) = 0 and U (b ) = 1. A strai gh tforw ard computa t io n




V < ( ￿ ( A [ E ) ￿ ￿ (B )) U (c )+ ￿ ( B )
2
Now, one g et s the fo ll o win g expression f or V ( C ):
V ( C ) = (￿ ￿ ￿) U ( c ￿ "￿ )+ ￿U ( c + "￿ )+ ￿ ( B )
2 1 1 2
￿ ￿ ￿ ￿
0 0
= (￿ ￿ ￿) U ( c ) ￿ "￿ U ( c)+ "￿ ( ")+ ￿ U (c )+ "￿ U (c )+ "￿ (" )+ ￿ ( B )
2 1 1 1 2 2
￿ ￿
0
= (￿ ( A [ E ) ￿ ￿ ( B )) U ( c)+ ￿ ( B )+ "U ( c ) ￿￿ + ￿ ( ")
1 3
where ￿ (" ) ! 0a s " ! 0 for i =1 ; 2 ; 3. ￿ > 0 si nce if i t w er e not the n (1) w oul d b e
i 1
0
true b y monoton yo f ￿ . He nce, U ( c ) ￿￿ > 0, and the r ef ore:
1
V ( C ) > ( ￿ (A [ E ) ￿ ￿ ( B )) U ( c )+ ￿ (B )
for " small enough.
0







V < mi n V (C ) ;V C
2
that is, V not quas i -conc a ve, a con tradi ction. W e conc lude that ￿ i s con v ex .
Let us no w sho wt hat V quasi -conca v e i mpl ies that U i s conca v e. Re call ￿rst theorem
2 i n Debreu a n d Ko opmans [1982]:
Let I and J b e op en i n ter v als i n I R, f and g functio ns t ha ta re non-constan t
on I and J and su c ht ha t F : I ￿ J ! I R de ￿ned b y F ( x; y )= f ( x )+ g (y )i s
quasi-co n vex. Then , at l eas t one o f the t wof u nctions f or g i s con v ex.
Let a> 0a nd A 2A be c ho sen suc h that 0 <￿ ( A) < 1. Let I ￿]0 ;a [ and J ￿ ]a; + 1[
c
and de￿ne F on I ￿ J b y F (x; y )= V ( x 1 + y 1 ).
A A
Clearly , F i s qu a si -conca ve and F ( x; y )= ( 1 ￿ ￿ (A)) U ( x )+ ￿ (A) U ( y ). Therefor e, U
i s conca veo n ] 0 ;a [o ro n ] a; +1 [f o ra ll a>0, hence on ]0 ; +1 [ since U is d i￿eren tiable,
and o nI R si nc e U i s con tin uous.
+
R
Fi nal ly ,( iv ) ) (ii ). Indeed, V ( C )i s t h en equ a lt o m i n U (C ) dQ and i s
Q 2co re ( ￿ )
therefore conca ve b eing the min im um of a fa mi ly o fc o nc a ve fun ctions. 2
10Pr o of of theo r em 3.2 :




a 1 = 1 ;a ￿ 0 ) a￿ (A ) ￿ 1 ; wh ere A 2A





Let A 2A , a ￿ 0 b e suc ht ha t a 1 = 1 . W.l.o.g., assume a> 0.
A S








f ‘ j ￿ ( A ) > 0 g . Let a>0b e s u c h that U (a) > 0a nd c ho ose "> 0 suc h that
‘
" (1 + x ) ￿ a (2)
De￿n e no wt h e follo wi ng p osi t iv e random v ariabl es:
c































If ‘= 2L , ￿ ( A )= 0 a n d clearly V ( D )= U ( a).
‘ ‘;"
If ‘ 2L , a com p uta ti o n simil a rt o t h e one of theorem 3. 1 yi elds:
0
V (D )= U ( a)+ U ( a) " ( x￿ (A )+ ￿ ( "))
‘;" ‘ ‘
0
where ￿ (" ) ! 0a s " ! 0. By assumpti o n, U (a) > 0. Hen ce, V ( D ) >U (a) for all
‘ ‘; "
‘ 2L if "> 0 is su￿cien tl y sma ll.
Let " b e suc ha n ".F ora l l ‘ 2L , consi der the fol lo win g random v ari ables:
0
0












g ( t ) ￿ V D =( 1 ￿ ￿ ( A )) U ( a ￿ t ￿ "￿ ( A )) + ￿ (A ) U (a ￿ t + " (1 + x ￿ ￿ ( A )) )
‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ 0 ‘
‘; t
‘








en o ug ht o sho w that the r e exists t satisfyi ng:
‘
a ￿ t ￿ "￿ ( A ) ￿ 0 (3)
‘ 0 ‘
a ￿ t + " (1 + x ￿ ￿ ( A )) ￿ 0 (4)
‘ 0 ‘
￿ t + " (1 + x ￿ ￿ ( A )) ￿ 0 (5)
0
‘ ‘
11Since ( 3) i mpl ies (4), i t i s e nough to n o te t ha tt h ere e x i sts t ￿ 0 sat i sfyin g ( 3 )a nd
‘
(5), i.e. , t ￿ 0 suc ht ha t " (1+ x ￿ ￿ ( A )) ￿ t ￿ a ￿ "￿ ( A ). Thi s pro ves to b e tr ue
0 0











C = D if ‘= 2L , and C = D if ‘ 2L . Then C ￿ a1 for all ‘ ,a nd ￿C = b 1 ,
S S















C ￿ C ￿ ... ￿ C and ￿C = b 1 , ￿ ￿ 0 ; ￿ =1 .L e t ￿ 2 core ( ￿ ).
1 2 r
‘ ‘ S ‘ ‘
‘=1 ‘ =1
R
Then , U (C )d ￿ ￿ EU (C ) for al l ‘ (see, e.g. , prop ositi o n 2.1 in Chatea u neuf, Da na
￿
‘ ‘





￿ U ( C )d ￿ ￿ ￿E U (C ) ￿ EU ￿C = U ( b)
‘ ‘ ‘ ￿ ‘ ￿ ‘ ‘
‘ =1 ‘ =1 ‘ =1
R
Therefore, U ( b ) ￿ U (C )d ￿ for al l ‘ , i.e. b 1 ￿ C for a ll ‘ . 2
S
‘ ‘
Pr o of of theo r em 3.3 :
[( i ) ) ( ii ) ] The same argumen t as in the e nd of the pro o fo f( ii ) ) (iii ) of theor em
c
3.1 a p pli es, si nce t h e random v ari ables consi dered t h ere, i.e. x 1 + y 1 are como no tone.
A A
0 0
[( ii ) ) ( i)]L e t C and C be t wo como no tone random v ari abl es suc ht hat C ￿ C ,
0 0
and ￿ 2 (0 ; 1) . Then , ￿EU (C )+ ( 1 ￿ ￿ ) EU (C )= E [ ￿U ( C )+ ( 1 ￿ ￿) U ( C )] . Thi s
￿ ￿ ￿
0
la s t e xpression is less t ha n EU (￿C +( 1 ￿ ￿ ) C )b yc o nc a vi t yo f U and hence ￿C +
￿
0
(1 ￿ ￿ ) C ￿ C . 2
Pr o of of prop osi tion 3.2 :
The fol lo wi ng i mpl ica ti o ns a re st raigh tfo rw ar d, [( iv ) ) (i )] ,[( i) ) (ii )]. [ ( ii i ) ) (iv )]
follo ws from theorem 3 .3.
Wha t remains to b e pro ved i s [ ( ii ) ) ( iv )] .T o that e￿ ec t , supp os e U i s not conc ave
on I R . Hence, t h ere e xists x 2 I R sucht ha t U "( x ) > 0, and therefore t h ere e xist
+ 0 ++ 0
a; b 2 I R , a< b , suc ht ha t U "( x ) > 0o n [ a; b ]. U is hence st ri ctly c o n vex on [ a; b ].
++
c
Let A and A be e v en ts wi t h pro ba bi l it y ￿ and 1 ￿ ￿ sucht ha t0 <￿ ￿ 1 ￿ ￿ .
0
No w, si nce U is st ri ctly i ncreasing , con tin uous a nd ￿ ￿ 1 = 2, t h ere exists a 2 I R,
+
0
b>a ￿ a such that
0
￿U ( a)+ ( 1 ￿ ￿ ) U ( b)= ￿U ( b)+ ( 1 ￿ ￿ ) U (a )
0
c c
Co ns id er n o wt h e follo wi ng t w o acts C = a1 + b1 and C = b1 + a 1 . Notic e
1 A A 2 A A




Let ￿ = 2 (0 ; 1). A st rai g h tforw ar d computat i on giv es :
0
b￿ a + b￿a
2 0
b ￿ aa
￿C +( 1 ￿ ￿)C = k 1 wi t h k = 2 I R
1 2 S ++
0
2b ￿ a ￿ a
But U (k )= E ( U (￿C +( 1 ￿ ￿) C )) <￿ E ( U ( C ) )+( 1 ￿ ￿) E ( U ( C ))b y str i ct con vexit y
1 2 1 2
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